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We argue that two distinct probes of quantum chaos, i.e., the growth of noncommutativity of two
unequal-time operators and the degree of irreversibility in a time-reversal test, are equivalent for
initially localized states. We confirm this for interacting nonintegrable many-body systems and a
quantum kicked rotor. Our results show that three-point out-of-time-ordered correlators dominate
the growth of the squared commutator for initially localized states, in stark contrast to four-point
out-of-time-ordered correlators that have extensively been studied for thermal initial states.
PACS numbers: 05.30.-d, 05.45.Mt
Introduction. Quantum chaos [1–3] has attracted con-
siderable interest since the late 1970s [4–8]. While the
eigenvalue/vector statistics of a Hamiltonian have of-
ten been studied as probes of quantum chaos [4, 6, 9–
24], it can also be characterized by its dynamics as in
classical chaos [25]. A prime indicator of such dynami-
cal characterization is irreversibility [26] in chaotic mo-
tion. A prototypical examples is a time-reversal test [27–
29] in which a system evolves forward and then back-
ward in time for the same time period by adding a
small perturbation in the return process. If the dy-
namics is chaotic, the final state deviates significantly
from the initial state however small the perturbation
is [29, 30]. References [27, 28, 31, 32] discuss the ir-
reversibility in quantum chaos measured by expectation
values of observables under the time-reversal test with
a unitary perturbation added upon reversal [33]. Note
that localized initial states are suitable for the study of
irreversible delocalization of the state under the time-
reversal test [5, 27, 28, 30–32, 34].
As another dynamical probe of quantum chaos, the
growth of quantum noncommutativity of two unequal-
time operators has recently been proposed independently
of irreversibility. In particular, an expectation value of a
squared commutator of two unequal-time observables has
actively been investigated in various fields ranging from
high-energy [35–40] to condensed-matter physics [41–54].
For semiclassical chaotic models before the Ehrenfest
time [36, 55–62], the semiclassical approximation ensures
that the squared commutator grows exponentially reflect-
ing the instability of phase-space trajectories.
Despite the surge of interest, how the squared com-
mutator is related to other conventional chaotic probes
has remained elusive [52, 57, 62], and its relevance to
irreversibility is an intriguing problem. Several studies
indeed suggested the qualitative similarity between the
squared commutator and the Loschmidt echo [57, 59,
63, 64], but quantitative understanding has remained an
open issue. Another study [32] reports that a certain
type of commutators appears in the expansion of the
irreversibility measure after the time-reversal test [65].
However, it is unclear how their results are related to
previous discussions on noncommutativity growth based
on the squared commutator.
In this Letter, we argue that noncommutativity and
irreversibility are essentially equivalent to each other for
initially localized states. Namely, the squared commu-
tator CAB(t) := 〈|[Aˆ(t), Bˆ]|2〉 of two unequal-time ob-
servables Aˆ(t) and Bˆ = Bˆ(0) is equivalent to IAB(t) :=
〈Aˆ(t)†Bˆ†BˆAˆ(t)〉, which is interpreted as the irreversibil-
ity measured through Bˆ (we assume 〈Bˆ〉 = 0) under the
time-reversal test against perturbation Aˆ at time t. In
fact, we prove the following relation:
CAB(t)
IAB(t)
=
(
1 + αt
√
DAB(t)
IAB(t)
)2
, (1)
where αt is a time-dependent numerical factor satisfying
|αt| ≤ 1, DAB(t) := 〈Bˆ†Aˆ(t)†Aˆ(t)Bˆ〉 is a time-ordered
correlator. We show DAB(t)IAB(t)  1 and hence CAB(t) '
IAB(t) for initially localized states in chaotic systems (see
Fig. 1(a)), by decomposing DAB(t)IAB(t) into physical processes
that involve the time-reversal test (see Eqs. (2)-(5)). We
do not intend to investigate the existence of irreversibility
in quantum systems by using noncommutativity. Our
aim is to find the nontrivial relation between the two
distinct probes of chaos, by noticing the importance of
initially localized states.
Our work is fundamentally important especially in the
rapidly growing community of out-of-time-ordered corre-
lators (OTOC) [66]. The squared commutator can be de-
composed as CAB(t) = IAB(t) + DAB(t) − 2Re[FAB(t)],
where FAB(t) := 〈Aˆ(t)†Bˆ†Aˆ(t)Bˆ〉 is an OTOC (we do
not call CAB(t) the OTOC here). Previous studies
mainly considered delocalized thermal-equilibrium ini-
tial states and argued that the dynamics of four-point
OTOC (4-OTOC) FAB(t) contributes to a nontrivial
growth of CAB(t) around a timescale t∗, while IAB(t) and
DAB(t) rapidly decay to constant values much before t∗
(Fig. 1(b)) [35, 36, 39, 47, 67]. In this case, [Hˆ, ρˆ] = 0
and thus IAB(t) is (anti-)time-ordered (Fig. 1(c)). For
ar
X
iv
:1
80
7.
02
36
0v
2 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  2
7 D
ec
 20
18
2FIG. 1. (a) Schematic behaviors of the unequal-time cor-
relators and the squared commutator CAB(t) = 〈|[Aˆ(t), Bˆ]|2〉
(dotted) for initially localized states. Irreversibility IAB(t) =
〈Aˆ(t)†Bˆ†BˆAˆ(t)〉 (solid) dominates the growth of noncom-
mutativity CAB(t). (b) For initially thermal states, only
FAB(t) = 〈Aˆ(t)†Bˆ†Aˆ(t)Bˆ〉 (long-dashed) is considered to
show a nontrivial decay around a timescale t∗, contributing to
CAB(t), while IAB(t) and DAB(t) = 〈Bˆ†Aˆ(t)†Aˆ(t)Bˆ〉 (short-
dashed) do not show nontrivial behavior. (c) The three-point
function DAB(t) is time-ordered and the four-point function
FAB(t) is out-of-time-ordered. The three-point correlator
IAB(t) becomes anti-time-ordered if [ρˆ, Hˆ] = 0 because it is
then equal to 〈Aˆ†Bˆ†(−t)Bˆ(−t)Aˆ〉. Such a reduction does not
occur if [ρˆ, Hˆ] 6= 0.
nonequilibrium states satisfying [Hˆ, ρˆ] 6= 0, we find
that the three-point correlator IAB(t) also becomes an
OTOC, which we refer to as a three-point OTOC (3-
OTOC). From CAB(t) ' IAB(t), we argue that the 3-
OTOC IAB(t) rather than the 4-OTOC FAB(t) domi-
nates the growth of CAB(t) for initially localized states
(Fig. 1(a)) [68]. The importance of the 3-OTOC for non-
commutativity has never been reported before.
Irreversibility and noncommutativity. We first out-
line the proof of Eq. (1) (see Appendix I in de-
tail [69]). The Cauchy-Schwarz inequality leads to
|FAB(t)| ≤
√
IAB(t)DAB(t). Then, we find (CAB(t) −
IAB(t) − DAB(t))2 ≤ 4IAB(t)DAB(t). The positivity
of CAB(t), IAB(t), and DAB(t) leads to |
√
CAB(t) −√
IAB(t)| ≤
√
DAB(t). Dividing both sides by IAB(t)
and introducing |αt| ≤ 1, we obtain Eq. (1).
We now show how IAB(t) measures the system’s ir-
reversibility for an initially localized state. We define
localized initial states with respect to Bˆ as states that
satisfy 〈Bˆ†Bˆ〉  〈Bˆ†(t)Bˆ(t)〉 for sufficiently large t. We
first decompose DAB(t) and IAB(t) as
DAB(t) = 〈Bˆ†Aˆ(t)†Aˆ(t)Bˆ〉 = Tr[ρˆ′tAˆ†Aˆ]Tr[ρˆBˆ†Bˆ],
IAB(t) = 〈Aˆ(t)†Bˆ†BˆAˆ(t)〉 = Tr[ρˆtAˆ†Aˆ]Tr[ˆ˜ρtBˆ†Bˆ], (2)
where ρˆt := UˆtρˆUˆ
†
t , ρˆ
′
t :=
UˆtBˆρˆBˆ
†Uˆ†t
Tr[ρˆBˆ†Bˆ]
, and ˆ˜ρt :=
FIG. 2. Coarse-grained Wigner functions obtained from
an initially localized state ρˆ = ρˆw with width σ = 1, the
strength of the kick K = 4 and an effective Planck constant
~eff = 2−7 for the quantum kicked rotor in Eq. (6). Protocol
(a) (red solid arrows) consists of (1) obtaining the expecta-
tion value of Bˆ†Bˆ for the initial state ρˆ, (2) perturbation
by Bˆ as ρˆ′ = BˆρˆBˆ
†
Tr[ρˆBˆ†Bˆ] , (3) unitary time evolution Uˆt, giv-
ing ρˆ′t = Uˆtρˆ
′Uˆ†t , and (4) obtaining the expectation value
of Aˆ†Aˆ. The multiplication of the two expectation values
gives D(t) = 〈Bˆ†Aˆ†(t)Aˆ(t)Bˆ〉. Protocol (b) (blue dashed ar-
rows) consists of (5) unitary time evolution Uˆt, giving ρˆt,
(6) obtaining the expectation value of Aˆ†Aˆ, (7) perturbation
by Aˆ as AˆρˆtAˆ
†
Tr[ρˆtAˆ†Aˆ]
and backward time evolution Uˆ†t , giving
ˆ˜ρt =
Aˆ(t)ρˆAˆ(t)†
Tr[ρˆAˆ(t)†Aˆ(t)] , and (8) obtaining the expectation value of
Bˆ†Bˆ. The multiplication of the two expectation values gives
I(t) = 〈Aˆ†(t)Bˆ†BˆAˆ(t)〉. For these Wigner functions, the ini-
tial state ρˆ = ρˆw, which is localized around (x, p) = (0, 0),
spreads in the course of time evolution. The amount of
spreading of ρˆt at time t = 6 is similar to that of ρˆ
′
t, which
leads to (i) in Eq. (5) with Aˆ = pˆ (see also Eq. (3)). On the
other hand, ˆ˜ρt spreads rapidly, leading to (ii) in Eq. (5) with
Bˆ = pˆ.
Aˆ(t)ρˆAˆ(t)†
Tr[ρˆAˆ(t)†Aˆ(t)]
are the states obtained from the initial state
ρˆ by two protocols (a) and (b) as illustrated in Fig. 2.
This figure shows the coarse-grained Wigner functions
on the x-p phase space for each density matrix, which
is numerically obtained by using the quantum kicked ro-
tor. Here, we focus on how they change for two differ-
ent protocols. In protocol (a), the initial state is per-
turbed with Bˆ as ρˆ′ = BˆρˆBˆ
†
Tr[ρˆBˆ†Bˆ]
, which then evolves in
time as ρˆ′t := Uˆtρˆ
′Uˆ†t . The product of the expecta-
tion value of Bˆ†Bˆ for ρˆ and that of Aˆ†Aˆ for ρˆ′t gives
DAB(t). For protocol (b), we let the state evolve dur-
ing time t as ρˆt = UˆtρˆUˆ
†
t , and perturb the state with
3Aˆ as AˆρˆtAˆ
†
Tr[ρˆtAˆ†Aˆ]
. We then perform time reversal t → −t,
obtaining ˆ˜ρt =
Uˆ†t AˆUˆtρˆUˆ
†
t Aˆ
†Uˆt
Tr[UˆtρˆUˆ
†
t Aˆ
†Aˆ]
= Aˆ(t)ρˆAˆ(t)
†
Tr[ρˆAˆ(t)†Aˆ(t)]
[70]. The
product of the expectation value of Bˆ†Bˆ for ˆ˜ρt and that
of Aˆ†Aˆ for ρˆt gives IAB(t). Thus, IAB(t) involves the
time-reversal test and measures the degree of irreversibil-
ity. Note that this protocol is similar to the one used in
Refs. [27, 28, 31, 32], where Aˆ is chosen to be unitary.
From Eq. (2), we obtain DAB(t)IAB(t) = strt, where
st :=
Tr[ρˆ′tAˆ
†Aˆ]
Tr[ρˆtAˆ†Aˆ]
, rt :=
Tr[ρˆBˆ†Bˆ]
Tr[ˆ˜ρtBˆ
†Bˆ]
. (3)
Equation (1) then becomes
CAB(t)
IAB(t)
= (1 + αt
√
strt)
2
. (4)
Now, let us consider two conditions
(i) st = O(1), (ii) rt  1. (5)
The condition (i) means that time evolution of Aˆ†Aˆ is
stable under the initial perturbation of Bˆ. The condition
(ii) means that the initial state ρˆ is irreversible due to the
sensitivity against the time-reversal test. Note that this
is macroscopic irreversibility, where the irreversibility ap-
pears not only in the density matrix but also in the ex-
pectation value of the macroscopic observable Bˆ†Bˆ [71].
We argue that these two conditions hold true for a wide
class of chaotic dynamics with initially localized states,
and hence CAB(t) ' IAB(t). In the following, we test
this conjecture for quantum many-body systems and a
kicked rotor. For the former systems, we also argue that
the condition (ii) breaks down for initially thermal states
under certain assumptions.
Interacting quantum many-body systems. We first
consider locally interacting many-body systems on N lat-
tice sites. While we do not have a simple phase-space
representation as in Fig. 2, the above protocols are well-
defined. Note that our system is without a well-defined
semiclassical limit and exponential sensitivity against ini-
tial perturbation. We especially focus on Hˆ and Bˆ that
can be written as
∑
i hˆi and
∑
i bˆi, where translationally
invariant operators hˆi and bˆi are independent of the site i.
We also assume 〈Bˆ〉 = 0, which leads to 〈bˆi〉 = 0. We con-
sider a translationally invariant initial state ρˆ that satis-
fies the cluster decomposition property [72], which means
that for two distant regions I and J with I ∩ J = ∅,
〈∏{f |kf∈I∪J} aˆfkf 〉 ' 〈∏{f |kf∈I} aˆfkf 〉 〈∏{f |kf∈J} aˆfkf 〉.
Here aˆfkf is the f -th operator localized around site kf .
From the cluster decomposition, we can show that the
energies of ρˆ and ρˆ′ are macroscopically equal (see Ap-
pendix IIA [69] for a proof).
To justify condition (i) in Eq. (5), we invoke the eigen-
state thermalization hypothesis (ETH) [10, 12, 73], which
is expected to hold for nonintegrable systems [74]. The
ETH justifies that any initial state with a given en-
ergy relaxes to a state described by the canonical en-
semble at the corresponding temperature for most of the
time [10, 12]. By applying the ETH, we find that ρˆ and
ρˆ′ relax to the same canonical ensemble at inverse tem-
perature β in the long run because they have the same
energies. Thus, st ' 1 for most of the time, which justi-
fies the condition (i) in Eq. (5).
To find a sufficient condition for (ii) in Eq. (5), we
additionally assume that Aˆ can be written as a local op-
erator or the sum of local operators. Then, using the
ETH, we obtain r−1t '
|〈Aˆ〉β |2
〈Aˆ†Aˆ〉β
+
(
1− |〈Aˆ〉β |
2
〈Aˆ†Aˆ〉β
)
〈Bˆ†Bˆ〉β
〈Bˆ†Bˆ〉
(see Appendix IIB [69]). For initially localized states,
Tr[ρˆBˆ†Bˆ] = 〈Bˆ†Bˆ〉  〈Bˆ†(t)Bˆ(t)〉 ' 〈Bˆ†Bˆ〉β because
of their definition and the ETH, and thus rt  1 in the
thermodynamic limit if 1− |〈Aˆ〉β |
2
〈Aˆ†Aˆ〉β
is O(N0). As discussed
in Appendix IIB [69], this condition is satisfied e.g., if Aˆ
is an observable with 〈Aˆ〉β = 0 [68] and is a typical local
operator. On the other hand, for initially thermal states
(or other delocalized states that are equivalent to ther-
mal states for macroscopic observables [75, 76]), rt ' 1
because 〈Bˆ†Bˆ〉 = 〈Bˆ†Bˆ〉β and the condition (5) (ii) does
not hold.
The initially localized state defined above, which satis-
fies 〈Bˆ†Bˆ〉  〈Bˆ†Bˆ〉β , is naturally obtained for nonequi-
librium states. To see this, we assume that the canon-
ical ensemble has the cluster decomposition property,
which is satisfied for sufficiently high-temperature sys-
tems in our setup [77]. We also assume that 〈bˆi〉β is
nonzero in the thermodynamic limit. Then, we ob-
tain 〈Bˆ†Bˆ〉 ' ∑(i,j)∈A0 〈bˆ†i bˆj〉 = O(N) and 〈Bˆ†Bˆ〉β '∑
(i,j)∈A0 〈bˆ
†
i bˆj〉β +
∑
(i,j)/∈A0 〈bˆ
†
i 〉β 〈bˆj〉β = O(N2). Here,A0 is a set where i and j are close. Thus, our assumptions
above lead to 〈Bˆ†Bˆ〉  〈Bˆ†Bˆ〉β in the thermodynamic
limit. From this discussion, we also obtain rt = O(N
−1).
We numerically check Eq. (5) and CAB(t) ' IAB(t) for
a 1D transverse Ising model after a sudden quench. The
Hamiltonian is given by [78] HˆTI(h) := −
∑L
i=1 σˆ
z
i σˆ
z
i+1−
1.05σˆxi +hσˆ
z
i with a periodic boundary σˆ
z
L+1 = σˆ
z
1 . As an
initial state, we consider the ground state of HˆTI(h) with
h = −5, which is close to the state where all spins are
polarized upwards, i.e., localized in this direction. Then,
we suddenly changes the value of h to h = 0.5. Fig-
ure 3 (a) shows time evolutions of CAB(t), IAB(t), DAB(t)
and |Re[FAB(t)]| with Aˆ =
∑L
i=1(σˆ
z
i − 〈σˆzi 〉β) (β is de-
termined from the total energy after the quench) and
Bˆ =
∑L
i=1(σˆ
z
i − 〈σˆzi 〉) for L = 14. We see that IAB(t)
and CAB(t) behave almost identically, while the other
functions do not grow much. Figure 3 (b) shows time
evolutions of st, rt and
√
strt. We see that two condi-
tions (5) are satisfied when t & 1 (namely, even before
4FIG. 3. Quench dynamics of the transverse Ising model
HTI(h = 0.5) for L = 14. Here, Aˆ =
∑L
i=1(σˆ
z
i − 〈σˆzi 〉β)
(β is determined from the total energy after quench) and
Bˆ =
∑L
i=1(σˆ
z
i − 〈σˆzi 〉), and the initial state is the ground
state of HˆTI(h = −5.0). The Planck constant is set to
be unity. (a) Time evolutions of CAB(t) = −〈[Aˆ(t), Bˆ]2〉 ,
IAB(t) = 〈Aˆ(t)†Bˆ†BˆAˆ(t)〉 , DAB(t) = 〈Bˆ†Aˆ(t)†Aˆ(t)Bˆ〉 and
|Re[FAB(t)]| = |Re[〈Aˆ(t)†Bˆ†Aˆ(t)Bˆ〉]|. The approximated
equality CAB(t) ' IAB(t) holds true for t & 1. (b) Time
evolutions of st, rt and
√
strt defined in Eq. (3). When t & 1,
two conditions (5) are satisfied and the second term in Eq. (4)
becomes small. The curves are obtained by using the QUS-
PIN package [79].
the dynamics becomes stationary), and that the second
term in Eq. (4) becomes small.
Quantum kicked rotor. Next, we numerically confirm
Eq. (5) and CAB(t) ' IAB(t) for a single-particle quan-
tum kicked rotor:
HˆQKR(t) :=
pˆ2
2
+K cos xˆ
∑
n
δ(t− n), (6)
where pˆ = −i~eff ∂∂x is the (angular) momentum opera-
tor and ~eff denotes the dimensionless Planck constant,
which scales with ~. We impose a periodic boundary
condition on x as −pi ≤ x < pi. Then, pˆ has eigenval-
ues m~eff and eigenvectors 〈x|pm〉 = 1√2pi eimx for each
m (m ∈ Z). We consider an initial wave-packet state
ρˆw := |ψw〉 〈ψw| , |ψw〉 := 1Zw
∑
m e
− ~effm2
2σ2 |pm〉 , where
Zw :=
√∑
m e
− ~effm2
σ2 . See Appendix IIIA in Supple-
mental Material [69] for different initial states.
We consider Aˆ = Bˆ = pˆ after t (∈ Z) periods. Note
that ρˆw is initially localized with respect to pˆ because of
〈pˆ〉 = 0 and 〈pˆ2〉  〈pˆ(t)2〉 (∝ t) [80] for large t. Fig-
ure 4 (a) shows the dynamics of Cpp(t) = −〈[pˆ(t), pˆ]2〉,
Ipp(t) = 〈pˆ(t)pˆ2pˆ(t)〉, |Re[Fpp(t)]| = |Re[〈pˆ(t)pˆpˆ(t)pˆ〉]|,
and Dpp(t) = 〈pˆpˆ(t)2pˆ〉. While Dpp(t) and Re[Fpp(t)] be-
have diffusively and proportional to t, Cpp(t) and Ipp(t)
are almost equal and asymptotically proportional to t2.
We note that the long-time behavior is qualitatively dif-
ferent from that in Fig. 1(a) because our model is period-
ically driven and the momentum is unbounded. We also
note that the dynamical localization [80] does not occur
within the time scale of our interest.
Figure 4 (b) shows time evolutions of st, rt and
√
strt,
FIG. 4. Dynamics of the quantum kicked rotor HˆQKR(t)
with ~eff = 2−6, σ = 4, and K = 10. We take Aˆ = Bˆ = pˆ
and the initial wave-packet state ρˆw. (a) Time evolutions of
Dpp(t) = 〈pˆpˆ(t)2pˆ〉, |Re[Fpp(t)]| = |Re[〈pˆ(t)pˆpˆ(t)pˆ〉]|, Ipp(t) =
〈pˆ(t)pˆ2pˆ(t)〉, and Cpp(t) = −〈[pˆ(t), pˆ]2〉. Two dashed lines
and a solid line show the linear and quadratic dependences
on t, respectively. For t & 3, Cpp(t) ' Ipp(t) holds true. (b)
Time evolutions of st, rt and
√
strt defined in Eq. (3). When
t & 3, two conditions (5) are satisfied and the second term in
Eq. (4) becomes small.
showing the validity of two conditions (5) for t & 3.
Schematically, these conditions are understood from the
dynamics of the coarse-grained Wigner function [81], as
shown in Fig. 2.
Our results demonstrate that Eq. (4) with the con-
ditions (5) leads to nontrivial consequences. Before
the Ehrenfest time tE (tE ' 4 for the parameters in
Fig. 4) [82], Cpp(t) grows exponentially by the semi-
classical approximation [36, 55, 57, 58]. Hence, from
the equivalence Cpp(t) ' Ipp(t), irreversibility Ipp(t)
grows exponentially at short times [65], as demonstrated
in Appendix IIIA [69]. Conversely, for longer times,
Ipp(t) ∝ t2 should follow on physical grounds, as dis-
cussed in Appendix IIIB [69]. Then, Cpp(t) ' Ipp(t)
leads to Cpp(t) ∝ t2, which has not been calculated from
the semiclassical approximation before [83].
We can also analytically discuss the validity of the
equivalence of noncommutativity and irreversibility in
the semiclassical limit ~eff → 0. As detailed in Appendix
IV [69], the result depends on the timescale and the per-
turbation Aˆ.
Conclusion. We have found that two distinct probes
of quantum chaos, namely noncommutativity CAB(t) and
irreversibility IAB(t), are essentially equivalent to each
other for initially localized states (see Eqs. (1)-(5)). We
have verified this for nonintegrable quantum many-body
systems and a quantum kicked rotor. We have shown
that the growth of CAB(t) is dominated by the 3- rather
than 4-OTOC for initially localized states. It is hoped
that our finding motivates further experimental study on
the OTOC, since nonequilibrium states can be prepared
by the quantum quench and IAB(t) can be measured as
the expectation value after the time-reversal test [43],
which is easier than the measurement of the 4-OTOC.
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I. PROOF OF SOME RELATIONS ABOUT THE CORRELATORS INCLUDING
EQ. (1) IN THE MAIN TEXT
We start from
CAB(t) = IAB(t) +DAB(t)− 2Re[FAB(t)], (S-1)
where
CAB(t) = 〈|[Aˆ(t), Bˆ]|2〉 ,
IAB(t) = 〈Aˆ†(t)Bˆ†BˆAˆ(t)〉 ,
DAB(t) = 〈Bˆ†Aˆ†(t)Aˆ(t)Bˆ〉 ,
FAB(t) = 〈Aˆ†(t)Bˆ†Aˆ(t)Bˆ〉 . (S-2)
In the following, we omit the subscript AB to simplify the notation. We first note that, by
the Cauchy-Schwarz inequality
|F | = |Tr[ρˆAˆ†(t)Bˆ†Aˆ(t)Bˆ]|
= |Tr[ρˆ1/2Aˆ†(t)Bˆ†Aˆ(t)Bˆρˆ1/2]|
≤
√
Tr[ρˆ1/2Aˆ†(t)Bˆ†BˆAˆ(t)ρˆ1/2]Tr[ρˆ1/2Bˆ†Aˆ(t)†Aˆ(t)Bˆρˆ1/2]
=
√
ID, (S-3)
we can define ρˆ1/2 due to the positive definiteness of ρˆ [1].
Then
(C − I −D)2 = 4Re[F ]2
≤ 4|F |2
≤ 4ID, (S-4)
and thus
C2 + I2 +D2 − 2CD − 2ID − 2CI ≤ 0. (S-5)
Then, we obtain the following inequalities
|
√
C −
√
I| ≤
√
D, (S-6)
|
√
C −
√
D| ≤
√
I, (S-7)
|
√
D −
√
I| ≤
√
C. (S-8)
2
Here, we can prove Eq. (S-6) by explicitly solving Eq. (S-5) as a quadratic equation of D
under the condition that C, I,D are positive. Similarly, other inequalities are derived.
From these inequalities, we obtain several results. For instance, dividing Eq. (S-6) by
√
I
leads to ∣∣∣∣∣
√
C
I
− 1
∣∣∣∣∣ ≤
√
D
I
, (S-9)
which reduces to Eq. (1) in the main text. Similarly, we also obtain the following inequali-
ties: ∣∣∣∣∣
√
I
C
− 1
∣∣∣∣∣ ≤
√
D
C
, (S-10)∣∣∣∣∣
√
C
D
− 1
∣∣∣∣∣ ≤
√
I
D
, (S-11)∣∣∣∣∣
√
D
C
− 1
∣∣∣∣∣ ≤
√
I
C
, (S-12)∣∣∣∣∣
√
D
I
− 1
∣∣∣∣∣ ≤
√
C
I
, (S-13)∣∣∣∣∣
√
I
D
− 1
∣∣∣∣∣ ≤
√
C
D
. (S-14)
For example, Eq. (S-10) means that noncommutativity C and irreversibility I are equivalent
if noncommutativity is much larger than the time-ordered correlation function. We will use
some of these inequalities in Appendix IV.
II. DETAILS FOR QUANTUM MANY-BODY SYSTEMS
A. Unchanged energy after the perturbation of Bˆ on the initial state
In this subsection, we show that the energies of ρˆ and ρˆ′ = BˆρˆBˆ
†
Tr[ρˆBˆ†Bˆ]
are macroscopically
equal when Bˆ can be written as a sum of local operators and ρˆ satisfies the cluster decom-
position property. We first note Tr[ρˆ′Hˆ] = 〈Bˆ
†HˆBˆ〉
〈Bˆ†Bˆ〉 . Using the cluster decomposition, we can
decompose 〈Bˆ†HˆBˆ〉 = ∑ijk 〈bˆ†i hˆj bˆk〉 into∑
(i,j,k)∈A1
〈bˆ†i hˆj bˆk〉+
∑
(i,j,k)∈A2
〈bˆ†i bˆk〉 〈hˆj〉 . (S-15)
3
Here, A1 is a set of trios (i, j, k) where i, j and k are close to each other (i.e., their distance
is independent of the size of the system), and A2 is a set of trios where i and k are close to
each other but neither of them is close to j. Note that the contributions from other trios
vanish due to 〈bˆi〉 = 0, which results from 〈Bˆ〉 = 0 as described in the main text. The first
term on the right-hand side of Eq. (S-15) is proportional to N while the second one is of
the order of N2. Thus, the leading term of Eq. (S-15) is estimated to be
〈Hˆ〉
∑
(i,k)∈A0
〈bˆ†i bˆk〉 . (S-16)
Here, A0 is a set of pairs (i, k) where i and k are close to each other and we can safely
replace
∑
(i,j,k)∈A2 with
∑
j
∑
(i,k)∈A0 without changing the leading contribution. Similarly,
the denominator is approximated by
∑
(i,k)∈A0 〈bˆ†i bˆk〉 up to the leading order, giving
Tr[ρˆ′Hˆ] ' 〈Hˆ〉 = Tr[ρˆHˆ] (S-17)
in the thermodynamic limit.
B. Behavior of rt for many-body systems
To derive the explicit formula for rt, we use several physically reasonable assumptions, in
addition to the ones mentioned in the main text (e.g., the ETH and the translational invari-
ance). For initial states, we assume that the it has most of its support on the microcanonical
energy shell, i.e., ργα is negligibly small if |Eα〉 or |Eγ〉 lies outside the microcanonical shell.
This is justified for the typical quench protocol [2]. For the operator Aˆ, we assume that it
can be written as a local operator or a sum of local operators. For the Hamiltonian Hˆ, we
assume that energy eigenvalues and their difference are not degenerate [3].
The long-time behavior of r−1t can explicitly be calculated as
r−1t =
Tr[ˆ˜ρtBˆ
†Bˆ]
Tr[ρˆBˆ†Bˆ]
=
〈Aˆ(t)†Bˆ†BˆAˆ(t)〉
〈Bˆ†Bˆ〉 〈Aˆ†(t)Aˆ(t)〉
' 〈Aˆ(t)
†Bˆ†BˆAˆ(t)〉
〈Bˆ†Bˆ〉 〈Aˆ†Aˆ〉β
, (S-18)
4
where we have replaced 〈Aˆ†(t)Aˆ(t)〉 with 〈Aˆ†Aˆ〉β in the long-time dynamics, since 〈Aˆ†(t)Aˆ(t)〉 '
〈Aˆ†Aˆ〉β for most of the times with negligible fluctuations due to the eigenstate thermaliza-
tion hypothesis (ETH) [2, 3]. Similarly, we also assume that the long-time behavior of the
numerator has negligibly small temporal fluctuations around the averaged value. Then,
using the assumption about the non-degeneracy of energy eigenvalues and gaps [3], we
obtain
r−1t '
∑
α 6=γ ργαA
∗
ααAγγ(Bˆ
†Bˆ)αγ +
∑
αγ ραα|Aαγ|2(Bˆ†Bˆ)γγ
〈Bˆ†Bˆ〉 〈Aˆ†Aˆ〉β
, (S-19)
where we define the matrix elements with respect to energy eigenstates |Eα〉 as Aαγ =
〈Eα|Aˆ|Eγ〉, etc.
Next, from the assumption for Aˆ, the matrix elements of Aαγ are shown to be suppressed
exponentially for large |Eα − Eγ| as |Aαγ| ∝ e−c|Eα−Eγ | with some constant c [4]. Thus, we
can approximately replace the sum over α and γ of the entire Hilbert space with the sum
over α and γ within the microcanonical energy shell (and vice versa). It follows from the
ETH that
Aαα ' Aγγ ' 〈Aˆ〉β , (S-20)
(Bˆ†Bˆ)γγ ' 〈Bˆ†Bˆ〉β , (S-21)
where β is the inverse temperature that corresponds to the energy of the initial state. Then,
denoting the sum over eigenstates in the microcanonical ensemble as
∑′, we obtain
r−1t '
∑′
α6=γ ργαA
∗
ααAγγ(Bˆ
†Bˆ)αγ +
∑
α
∑′
γ ραα|Aαγ|2(Bˆ†Bˆ)γγ
〈Bˆ†Bˆ〉 〈Aˆ†Aˆ〉β
' | 〈Aˆ〉β |
2
∑′
α 6=γ ργα(Bˆ
†Bˆ)αγ + 〈Bˆ†Bˆ〉β
∑
α
∑′
γ ραα|Aαγ|2
〈Bˆ†Bˆ〉 〈Aˆ†Aˆ〉β
' | 〈Aˆ〉β |
2
∑
α 6=γ ργα(Bˆ
†Bˆ)αγ + 〈Bˆ†Bˆ〉β
∑
α
∑
γ ραα|Aαγ|2
〈Bˆ†Bˆ〉 〈Aˆ†Aˆ〉β
' | 〈Aˆ〉β |
2
∑
α 6=γ ργα(Bˆ
†Bˆ)αγ + 〈Bˆ†Bˆ〉β
∑
α ραα(Aˆ
†Aˆ)αα
〈Bˆ†Bˆ〉 〈Aˆ†Aˆ〉β
' | 〈Aˆ〉β |
2(〈Bˆ†Bˆ〉 − 〈Bˆ†Bˆ〉β) + 〈Bˆ†Bˆ〉β 〈Aˆ†Aˆ〉β
〈Bˆ†Bˆ〉 〈Aˆ†Aˆ〉β
=
| 〈Aˆ〉β |2
〈Aˆ†Aˆ〉β
+
(
1− | 〈Aˆ〉β |
2
〈Aˆ†Aˆ〉β
)
〈Bˆ†Bˆ〉β
〈Bˆ†Bˆ〉 , (S-22)
5
where we have used∑
α 6=γ
ργα(Bˆ
†Bˆ)αγ =
∑
αγ
ργα(Bˆ
†Bˆ)αγ −
∑
α
ραα(Bˆ
†Bˆ)αα
' 〈Bˆ†Bˆ〉 − 〈Bˆ†Bˆ〉β (S-23)
with the help of the ETH.
For initially localize states, Tr[ρˆBˆ†Bˆ] = 〈Bˆ†Bˆ〉  〈Bˆ†(t)Bˆ(t)〉 ' 〈Bˆ†Bˆ〉β because of their
definition and the ETH, and thus rt  1 in the thermodynamic limit if 1− |〈Aˆ〉β |
2
〈Aˆ†Aˆ〉β
is O(N0).
This condition trivially holds true if we assume that 〈Aˆ〉β = 0. If this is not the case, we can
define Aˆ − 〈Aˆ〉β as new Aˆ without changing the value of CAB(t). Moreover, the condition
holds true without this procedure if Aˆ is a typical local operator such as the Pauli operators
σˆx,y,zi , where
|〈Aˆ〉β |2
〈Aˆ†Aˆ〉β
= | 〈σˆx,y,zi 〉β |2 is smaller than 1 in typical situations.
III. DETAILS OF NUMERICAL SIMULATIONS OF THE QUANTUM KICKED
ROTOR
A. Short-time behavior and semiclassical representation
In this section, we consider the short-time dynamics of the quantum kicked rotor (Eq. (6)
in the main text) before the Ehrenfest time tE and its semiclassical representation. We
consider two localized initial states in momentum space (i.e., Bˆ = pˆ). The first is a wave-
packet state
ρˆw := |ψw〉 〈ψw| , |ψw〉 := 1
Zw
∑
m
e−
~effm
2
2σ2 |pm〉
(
Zw :=
√∑
m
e−
~effm2
σ2
)
, (S-24)
which is discussed in the main text. The second is the canonical distribution for a free
Hamiltonian Hˆ0 :=
pˆ2
2
,
ρˆT :=
1
ZT
∑
m
e−
~2effm
2
2T |pm〉 〈pm|
(
ZT :=
∑
m
e−
~2effm
2
2T
)
. (S-25)
This initial canonical distribution is localized with respect to pˆ (but not xˆ) when we consider
the Floquet time evolution Fˆ = e
− ipˆ2
2~eff e
− iK cos xˆ~eff for Hˆ(t) (see Eq. (6) in the main text).
Note that the state is not stationary ([Fˆ , ρˆT ] 6= 0) due to periodic kicks. Thus, IAB(t) =
〈Aˆ†(t)Bˆ†BˆAˆ(t)〉 becomes a 3-OTOC for these initial states.
6
For reference, we also apply a semiclassical approximation to each correlator. We consider
the average of a classical function S(x, p, t) over the Wigner distribution W of the initial
states,
St :=
∫
dxdpW (x, p)S(x, p, t). (S-26)
As shown below, every correlator is approximated before tE by St for an appropriate
S(x, p, t). The Wigner distributions of our initial states, ρˆw and ρˆT , are approximated in
Gaussian forms as
Ww(x, p) =
1
pi~eff
e
− p2~effσ2−
σ2x2
~eff (S-27)
and
WT (x, p) =
1√
(2pi)3T
e−
p2
2T , (S-28)
respectively [5].
As shown in Fig. S-1, we first consider the short-time behaviors of Cpp(t) = −〈[pˆ(t), pˆ]2〉,
Ipp(t) = 〈pˆ(t)pˆ2pˆ(t)〉 (pˆ(t) := (Fˆ †)npˆFˆ n), Re[Fpp(t)] = Re[〈pˆ(t)pˆpˆ(t)pˆ〉], Dpp(t) = 〈pˆpˆ(t)2pˆ〉,
the classical average neglecting the noncommutativity p2tp
2, and the initial sensitivity
~2eff
(
∂pt
∂x
)2
. The left and right figures correspond to ρˆw and ρˆT , respectively. For t . tE ' 6,
Dpp(t) and Re[Fpp(t)] are well described by p2tp
2, whereas the 3-OTOC Ipp(t) grows expo-
nentially. The exponential growth of Ipp(t) represents the initial sensitivity of classical chaos
because it is close to Cpp(t) (i.e., Eq. (4) with the conditions (5) in the main text holds
true), which reduces to ~2eff
(
∂pt
∂x
)2
[6–8] in the semiclassical limit.
B. Origin of the anomalous quadratic scaling in the long-time behavior
As we have seen in Fig. 4 (a) in the main text, Dpp(t) grows diffusively in the long-time
regime as ∝ t (the dynamical localization [9] does not occur within the time scale of our
interest). Indeed, from Eq. (2) in the main text, Dpp(t) is the product of Tr[ρˆpˆ
2] (where we
use the wave-packet state ρˆ = ρˆw) and Tr[ρˆ
′
tpˆ
2]. The former does not depend on time and
the latter behaves diffusively [9], so that this time-ordered correlator grows as ∝ t.
On the other hand, Ipp(t) is proportional to t
2, which is different from the classical
diffusive behavior. Thanks to Eqs. (4) and (5) in the main text, Cpp(t) also follows a t
2
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FIG. S-1. Short-time dynamics of Cpp(t) = −〈[pˆ(t), pˆ]2〉, Dpp(t) = 〈pˆpˆ(t)2pˆ〉, Re[Fpp(t)] =
Re[〈pˆ(t)pˆpˆ(t)pˆ〉], Ipp(t) = 〈pˆ(t)pˆ2pˆ(t)〉, p2t p2, and ~2eff
(
∂pt
∂x
)2
for initial states (a) ρˆw and (b) ρˆT .
(upper panels) For both initial states and up to the Ehrenfest time t . tE ∼ 6, Cpp(t) and Ipp(t)
agree excellently and grow exponentially, and they are well approximated by ~2eff
(
∂pt
∂x
)2
. (bottom
panels) Both Dpp(t) and Re[Fpp(t)] are well described by the classical average p2t p
2 for t . tE ,
unlike Ipp(t).
power law [8]. The anomalous quadratic scaling for Ipp(t) originates from the fact that the
momentum distribution of ˆ˜ρt spreads as much as that of ρˆt. As we have seen in Eq. (2) in
the main text, Ipp(t) is the product of Tr[ˆ˜ρtpˆ
2] and Tr[ρˆtpˆ
2]. Figures S-2 (a) and (b) plot the
coarse-grained momentum distribution
P (p) :=
1
∆p
∑
pm∈[p−∆p/2,p+∆p/2)
〈pm|ρˆ|pm〉 (S-29)
for ρˆt and ˆ˜ρt, respectively. Figure S-2 (a) shows a diffusive, Gaussian profile in quantum
chaos [10]. After the time-reversal test, ˆ˜ρt will remain extended in momentum space, espe-
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FIG. S-2. Momentum distributions P (p) of (a) ρˆt and (b) ˆ˜ρt for t = 50, 100 and 200. For ρˆt,
P (p) is close to a Gaussian form and spreads in time. For ˆ˜ρt, P (p) is not Gaussian, but spreads
as t increases. (insets) Dynamical scaling of P (p) for ρˆt and ˆ˜ρt. All the curves collapse to a single
curve after rescaling according to P (p, t) = f(p/
√
t)/
√
t for both ρˆt and ˆ˜ρt. For both figures, we
take the initial state ρˆw of the wave packet with ~eff = 2−6, σ = 4, and K = 10.
cially for large t. In this time evolution, P (p) obeys a dynamical scaling relation
P (p, t) =
1√
t
f(p/
√
t) (S-30)
for ρˆt and ˆ˜ρt, as shown in the insets of Fig. S-2(a) and (b) [11]. Note that P (p) for
ˆ˜ρt obeys
the above-mentioned diffusive scaling, even though it is not Gaussian. Such a delocalization,
which obeys the scaling in Eq. (S-30), leads to
Tr[ˆ˜ρtpˆ
2] '
∫
dpp2P (p, t) ∝ t. (S-31)
Thus, Eq. (2) in the main text and the above-mentioned diffusive behavior of 〈pˆ(t)2〉 give
〈pˆ(t)pˆ2pˆ(t)〉 ∝ t2. This clearly shows that the 3-OTOC Ipp(t) gives the measure of irre-
versibility that explains the anomalous power-law growth of Cpp(t) in the long-time regime.
C. Unitary perturbations
Here, we consider unitary perturbations, which can often be implemented experimen-
tally [12]. We take Aˆ = Vˆ = e
ipˆ
~eff , which translates the state by  in the x direction, and
Bˆ = pˆ [13, 14]. Similarly to the case of Aˆ = pˆ, the short-time dynamics of
CV p(t) = −〈|[e
ipˆ(t)
~eff , pˆ]|2〉 (S-32)
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exhibits an exponential growth that corresponds to −~2eff
∣∣∣ ∂∂xe ipt~eff ∣∣∣2 = 2(∂pt∂x )2 before tE (data
not shown). On the other hand, as shown in Fig. S-3, CV p(t) for large t grows as ∝ t2 and
∝ t for small and large perturbations , respectively.
The perturbation-dependent behavior can be understood, by using Eq. (4) with the con-
ditions (5) in the main text, from the behavior of the following 3-OTOC:
IV p(t) = 〈e
−ipˆ(t)
~eff pˆ2e
ipˆ(t)
~eff 〉 = 〈ψ˜t|pˆ2|ψ˜t〉 (|ψ˜t〉 = e
ipˆ(t)
~eff |ψ〉). (S-33)
When the perturbation is so small that
2 〈pˆ(t)2〉
~2eff
' 
2t
~2eff
 1 for a given t, (S-34)
we have
|ψ˜t〉 '
(
1 +
ipˆ(t)
~eff
)
|ψ〉 (S-35)
and the dynamics is almost reversible in terms of fidelity (〈ψ|ψ˜t〉 ' 1). However, IV p(t) can
be approximated as
〈ψ˜t|pˆ2|ψ˜t〉 ' 
2
~2eff
〈pˆ(t)pˆ2pˆ(t)〉 , (S-36)
which grows in proportion to t2 as can be seen from the results in the previous section [15].
In this case, IV p(t) becomes sufficiently large, providing a measure of irreversibility which
is more sensitive than fidelity [16]. On the other hand, for large perturbation 
2t
~2eff
' 1, the
completely irreversible (diffusive) delocalization of |ψ˜t〉 occurs, leading to
〈e
−ipˆ(t)
~eff pˆ2e
ipˆ(t)
~eff 〉 ∝ t. (S-37)
Note that we find a crossover into this regime even for small  if we wait for a long time
(i.e., large t). For both cases, CV p(t) ' IV p(t) (data not shown) holds true, which leads to
results in Fig. S-3.
IV. SEMICLASSICAL LIMITS FOR THE QUANTUM KICKED ROTOR
In this section, we discuss the validity of the equivalence between irreversibility IAB(t)
and noncommutativity CAB(t) in the semiclassical limit ~eff → 0 for our quantum kicked
10
FIG. S-3. Long-time dynamics of the squared commutator for different strengths of perturbation:
/~ = 0.01, 0.02, 0.05, 1, and 20. For small perturbations, the growth depends on /~ and exhibits
quadratic scaling. For strong perturbations, the growth is independent on /~ and exhibits linear
scaling.
rotor. As shown in the following, the validity depends on the timescale and the types of
perturbations, as summarized in Fig. S-4. In the following, we utilize the inequalities (S-10)
and (S-14), from which we can conclude that
IAB(t) ' DAB(t) when CAB(t) DAB(t); (S-38)
IAB(t) ' CAB(t) when DAB(t) CAB(t). (S-39)
We focus on the localized wave-packet initial state ρˆw in the main text, where 〈pˆ2〉 ∝ ~eff .
We first consider the case of the Hermitian perturbation Aˆ = pˆ and Bˆ = pˆ. In this case,
Dpp(t) is expected to behave diffusively [10] as Dpp(t) ' a~efft, where a is some constant.
On the other hand, the semiclassical approximation [8] leads to Cpp(t) ' b~2effe2λt, where b
is another constant.
Thus, for a fixed time (i.e., an ~eff-independent time) t = tf and small ~eff limit, Ipp(tf ) '
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FIG. S-4. Schematic illustrations for time evolutions of IAB(t), CAB(t) and DAB(t) for sufficiently
small ~eff (semi-log plot). The left figure shows the case of Aˆ = Bˆ = pˆ. For a fixed time, the
approximated equality Ipp(t) ' Cpp(t) is not valid. After some crossover time tc, which grows
with 1/~eff more slowly than tE , the equivalence Ipp(t) ' Cpp(t) eventually holds. The right figure
shows the case of Aˆ = Vˆ = e
ipˆ
~eff and Bˆ = pˆ. In this case, IV p(t) ' CV p(t) holds for ~eff → 0 at any
timescale.
a~efftf (since a~efftf  b~2effe2λtf and Eq. (S-38)), which means the equivalence IAB(t) '
CAB(t) is not valid at this timescale and that our initial state is reversible in the semiclassical
limit.
For the irreversibility to occur, we require a longer time in this case. To see this, we
next consider the Ehrenfest time tE ∼ 1λ log 1~eff (λ is a constant similar to the Lyapunov
exponent), which slowly diverges for ~eff → 0. In this timescale, we obtain Ipp(t) ' Cpp(t)
because of a~efftE  b~2effe2tE and Eq. (S-39), which means that the equivalence is valid.
In fact, there exists a crossover time tc (tf  tc  tE) that satisfies Dpp(tc) ' Cpp(tc). For
tc  t, Ipp(t) ' Cpp(t) holds true. See Figure S-4 (left).
We next discuss the case where the perturbation is unitary Aˆ = Vˆ = e
ipˆ
~eff . We assume
that  is fixed and ~eff → 0. Then, using the semiclassical calculation we derive DV p(t) ∝ ~eff
and CV p(t) ∝ 2e2λt (before the Ehrenfest time). Thus, the equivalence holds true for any
timescale in the classical limit ~eff → 0 because DV p(t) CV p(t) and Eq. (S-39).
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